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Ion acoustic waves in plasmas with collisional electrons
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We have developed an analytical theory of ion acoustic wave (IAW) damping and electron heat
conductivity in plasmas with an arbitrary electron collisionality. We have found that deviations
from the collisionless electron Landau damping occur for the wave numbers kXe; ~ 22/, where A.;
is the electron mean free path for collisions with ions. In the regime of intermediate collisionality
the IAW damping is proportional to k*/7 and the nonlocal electron heat conductivity is proportional
to k~%/7. The transition into the hydrodynamic regime occurs for kA.; ~ 0.121/2.

PACS number(s): 52.35.Fp, 52.25.Fi

Ion acoustic waves (IAW) are collective modes which
play a fundamental role in the low-frequency response
of unmagnetized plasmas. Properties of IAW are well
known in both collisional and collisionless limits. Be-
tween these two well-known extremes, however, there
exists a wide range of intermediate collisionality, which
is relevant to fusion plasmas and many other practical
applications. Theoretical understanding of IAW in this
regime of parameters has to follow from kinetic studies
and it is still far from being completed [1].

The regime of intermediate collisionality (0.01 <
kAei < 100, where A.; is the electron-ion (e-¢) collision
mean free path), which is studied in this paper, can be
defined in the long wavelength limit by a discrepancy,
which occurs at k).; 2 0.01, between classical Braginskii
[2] theory predictions for the IAW and numerical solu-
tions to the Fokker-Planck equation [1,3]. In the short
wavelength limit the transition between collisionless IAW
and the regime of weak collisions occurs at kX.; < 100,
where the fluidlike description of phase mixing effects by
Hammett and Perkins [4] loses its validity.

The contribution from ion-ion (i-¢) collisions to IAW
dispersion and damping can be accounted for in terms
of generalized high-frequency hydrodynamic equations,
which have been derived in our previous study [5] us-
ing the Grad method. The effect of electron collisions on
IAW is far more complex and therefore still poorly under-
stood. In this paper we present analytical results from
the kinetic study of IAW damping, which includes e-:
and e-e collisions in the entire range of plasma collision-
ality. We have calculated the disturbance of the electron
distribution function due to IAW and have shown the
effects of e-e collisions in the region of small particle ve-
locities. Due to these effects the electron Landau damp-
ing term becomes modified as soon as kA.; ~ Z%/3. The
importance of e-e collisions for the electron heat flux is
also discussed. Our theory demonstrates that the transi-
tion from isothermal to adiabatic electron perturbations
takes place in the region 0.1Z2Y2 < kX,; < Z%2 and
manifests itself in a k%7 dependence of the electron
heat conductivity coefficient. We have applied our the-
ory to equilibrium plasmas with Maxwellian electron dis-
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tribution function and obtained a good agreement with
Fokker-Planck numerical simulations.

As areference state we consider a homogeneous plasma
with a Maxwellian distribution function for electrons and
ions. We assume that the electron temperature is much
larger than the ion temperature, T, > T;, and that ions
are highly ionized, Z > 1. Later, we will show how our
results can be generalized to ions with arbitrary charge.
We also neglect energy exchange between plasma species.
Following previous studies [3,6], we consider a small am-
plitude plane IAW with frequency w and wave number k.
The electron response corresponds to a disturbance of the
electron distribution function f.(v,pn) = T2, fi(v)Pi(p)
expanded in a series of the Legendre polynomials P;(u),
which are eigenfunctions of the e-¢ collisional operator,
and g4 = k- v/kv. As a starting point of our kinetic
model we take the infinite hierarchy of equations for the
harmonics fij(v) of the electron distribution function as
derived in Ref. [1]. We assume a low-frequency pertur-
bation, w < kvr, (vr, = y/Te/me), and since Z > 1 we
neglect e-e collision terms everywhere as compared to e-:
contributions, except in the equation for the symmetric
part of the electron distribution fo. The Z times more
frequent e-i collision affect only the anisotropic part of
the distribution function and therefore are not present in
this equation.

To describe damping of IAW in the collisionless and
weakly collisional regime one has to solve an infinite
set of equations for higher order angular harmonics of
the electron distribution function. This has been ac-
complished in Refs. [1,7] by introducing a renormal-
ized e-i collision frequency U1 = VeiHi(kv/vei), where
Vei(v) = 4mZn.e*A/m2v3 is the velocity-dependent e-i
collision rate, n. is the electron density, and A is the
Coulomb logarithm. The factor H; has been approxi-
mated by the simple function H; (z) = /1 + (wz/6)2 [1].
After this renormalization equations for the first and sec-
ond harmonic of the electron distribution function read

(1]

. 7 i OF,

—iwfo + '3‘kvf1 - gkvui—av—o = Cee[fo), (1)
. e OF ~ OF, -

ikvfo + zme k¢a—1}0 —(n — Vei)ui—i?TO =-ifi. (2)

The e-e collision integral Cee in Eq. (1) has been lin-
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earized with respect to the electron Maxwellian distribu-
tion function Fp(v). Equations (1) and (2) are written in
the ion reference frame and contain an IAW potential ¢
and an ion velocity u; which satisfy the standard set of
cold ion fluid equations [1]. From the ion fluid equations
and Eq. (2) one can find the relation between the first an-
gular harmonic f,(v) = —i(kv/i1)vy1(v)Fo(v)ed/T. and
the symmetric part of the electron distribution fo(v) =
[1+ %o(0)|Fo(v)ed/T.,

Y1 = Yo — i(wu,;/kzv%e)[Hl(kv/ue;) -1+ Jn), (3)

where Jy = (4m/n.) f0°° dvv?hoF, is the integral re-
lated to the electron density perturbation én./n. =
(1+Jn)ed/Te. The ion acoustic dispersion relation which
follows from these equations, has the following form:

w? =k*2(1+ Jr)/(1 + JN), (4)
where ¢, = \/ZT./m; and
Jr = (47r/3nev§-=)/ dvv*H{ ', Fy
0
is the integral related to the friction force. Substituting

Eq. (3) into Eq. (1) we can derive equation for the
symmetric part of the electron distribution function

k2?2 o = iw (1 v? 1+ Jn
3,71 - w 0 = W 31}%’6 Hl

+F;Coee[thoFo)- (5)

The e-e collision operator C,. is approximated by the
standard Landau or Rosenbluth potential form (cf., e.g.,
Ref. [8])

CeeioFil = gratoo gy (Fowe [22]). @)

a 0
dv vdv

where the functional G[h(v)] reads
G = 4" (v; h(v) / dw w2 F(w)
Mo € 0
-1 / dw w* Fy(w)h(w)
3 Jo

—3; / ~ dw 'wFo(w)h('w)).

Functions 9 = const and g oc v? are invariants of this
collisional operator. They correspond to electron number
density and energy conservation. The new results of our
study will follow from the approximate solution of Eq.
5).

( Comparing magnitudes of the different terms in Eq.
(5) one can see that for thermal electrons, v ~ vr,, the
e-e collision integral is small if kA.; > Z~1/2. The second
term in parentheses on the left hand side is also small for
kXei > ¢, /vr, and therefore in this region of wavelengths
Eq. (5) gives an approximate solution for the function
1o = Yor in the regime of thermal electron velocities

. Wl 'Uze kv
Yor = 1555%— [3 :; H, (V_e:) - 1] ) (7

where we have also neglected the small Jy correction.
The function o (7) is imaginary and of absolute value
much less than one. It mainly contributes to the damp-
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ing of IAW in the dispersion relation (4) through the
integrals Jy and Jg. Unfortunately o diverges as v—°
for small velocities and a more accurate solution of Eq.
(5) has to be found in order to obtain finite values for
Jn and Jgr. The e-e collision term in Eq. (5) domi-
nates in the small velocity regime, i.e., for v < v, =
vr, (94/7/2/Zk?*)2,)}/7. The small imaginary term on
the left hand side of Eq. (5) which is related to the non-
stationary electron response can also play an important
role but only for unrealistically high Z > vr, /¢, [3].

In order to find o which is valid at v ~ 0, we keep
dominant terms with respect to the small parameter
v /vr, in Eq. (5) and derive an approximate equation
for 9 for v S v, K v, (kAei) Y4,

kv 1 \F v d ( ,dig
Y e = iw+ — 1) Zvi(v) = E (22 . (8
31/,3;(1))1/)0 wt3z ﬂ_ue.,(v) vr, dv (v dv ®)

A similar equation has been derived by Maximov and
Silin [9] in the context of laser beam thermal filamenta-
tion instability and then extended for the ion acoustic
wave in Ref. [10]. The solution of Eq. (8) can be writ-
ten in terms of a modified Bessel function of the 1/7th
order [10]. It is more convenient in practice, however, to
use an approximate expression for 1, particularly in the
calculation of moments like Jx and Jg,

Yo(v) ~ 1722k (”—')2 o )

vr. \vr.) 1l+cy(v/v,)%’

where cy, = 0.432 has been found numerically. Equation
(9) fits the numerical solution with an accuracy better
than 20%. Our approximate procedure of finding g is
also justified by a limited validity of an asymptotic ex-
pansion in v, /v, which has produced Eq. (8). The pa-
rameter of this expansion, v, /vr,, is close to unity for the
interesting range of parameters because of the small 1/7
power in its definition, thus restricting accuracy of Eq.
(8). Combining the small velocity asymptotic expression
(9) with the solution (7) which is valid for v 2 v, we can
write an approximate distribution function in the follow-
ing form: vo(v) = cyv59or/(cyv® + v3).

The dispersion equation (4) in the weakly collisional
regime kA.; > c,/vr,,Z~1/2 has the solution w =
kc, — i, where v/kc, = % Im (Jy — Jg). In the col-
lisionless limit we can evaluate v by letting ve; — 0 in
Eq. (7). This results in Jg — 0, Jy — iy/7/2(w/kvr.),
and in the well-known expression for collisionless elec-
tron Landau damping. The contribution to Jy from the
region of small velocities v ~ v,, where the distribution
(9) is valid, scales as 1o(0)(v./vr,)? in the case of finite
collision frequency. The contribution to v/kc, from Jg is
(va/vr,)? times smaller than contribution from Jy and
can be neglected. Therefore we can write the following
expression for the electron part of IAW damping:

Y _ [T 6 2/7 \—3/7

where the numerical integration of v in Jy gives cy =
1.2 when v,/vr, < 1. This expression (10) coincides
exactly with Eq. (3) derived independently in Ref. [11].
Comparison with the Fokker-Planck simulation results [1]
has shown that Eq. (10) overestimates the effect of e-e
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collisions by a factor of about 2. The same comparison,
however, confirmed the correct scaling of (10) with k.
We can easily improve the agreement between Eq. (10)
and results of Fokker-Planck simulations [1] by introduc-
ing a better approximation to 1o (9) and subsequently
changing the value of constant ¢, to 0.6. Figure 1 shows
good agreement with kinetic suimulations in the region
kXei 2 1.

So far we have discussed high ionization states, Z > 1.
For comparison with data for arbitrary Z we have fol-
lowed the prescription of Epperlein [1] and modified the
electron mean free path, A%, = A.{(Z)/((c0) where
¢(Z)/¢(00) = (Z+0.24)/(Z + 2.4) is the ratio of charge-
dependent coefficients in Braginskii’s [2] electron ther-
mal conductivity kg = ((Z)nevr, Aei- This substitution
leads to reasonable agreement with the Fokker-Planck
simulations even for Z = 1 (cf. Fig. 1). Equation
(10) shows that the contribution of e-e collisions to IAW
damping becomes significant for very short wavelengths
kX%, ~ 0.3Z%/3. Electrons with small velocities v ~ v,
are the main contributors to these new terms in Eq. (10).

After studying solutions to Eq. (5) in collisionless and
weakly collisional limits we will construct the electron
distribution function in the hydrodynamical regime of
kA%, S Z71/2. The e-e collision term now dominates in
Eq. (5) and it can no longer be treated as a small correc-
tion. Our method of solution of Eq. (5) parallels the clas-
sical approach of the Chapman-Enskog theory in which
the zero order approximation to the distribution function
is constructed from collisional invariants and takes the
form of a linearized local Maxwellian distribution func-
tion, ¥} = co + c1v?/2v3. . The coefficients co = —4c;
and ¢; = 1/(1 + ir), where r = (128/3n)k%vy, A%, /w are
found from the relevant equations of particle and energy
conservation, which can be obtained by integrating Eq.
(5) with v2F, and v*Fy. The zero order approximation
to the electron distribution function ¢$} leads to the
well-known dispersion relation for hydrodynamic IAW:
w?/k%c2 = 1+ 2/(3 + 2ir). Fokker-Planck simulations
[1] have demonstrated that the deviation from a hydro-
dynamical approximation occurs when kA%, > ¢, /vr, or
r > 1. We improve the dispersion relation for the IAW
by finding the first order correction 1/)((]2 to the electron
distribution function. We use Z(kA%;)? as a small param-
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FIG. 1. Comparison of the analytical expression (12) for
IAW damping with the results of Fokker-Planck simulations
from Ref. [1]. Dot-dashed, dashed, and solid lines correspond
to Z =1, 8, and 64, respectively. Asymptotic expressions
(light lines) are given for the Z=8 case. Fokker-Planck results
are shown as small, medium and large dots for Z = 1, 8, and
64, respectively.
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eter and solve Eq. (5) for ¢((,2. Similarily to the standard
Chapman-Enskog method this solution involves an inver-
sion of e-e collision operator. The improved expression
for the IAW damping reads as

o 3m ¢, 1 2\ %2

ke, ~ 256 o, k/\;(l + 264Zk*X%}). (11)
The first term in parentheses on the right hand side of Eq.
(11) corresponds to classical electron collisional damping,
related to e-i collisions. The second term in parentheses
accounts for e-e collision contributions. Comparing both
terms we can see that deviation from classical hydrody-
namical damping occurs at relatively small wave num-
bers kAX; ~ 0.06Z /2 because of the large coefficient in
front of our small expansion parameter Z(kAZ;)2. This
is consistent also with the simulation results (cf. Fig. 1
in Ref. [1]). The region of applicability of Eq. (11) is
restricted to very small wave numbers, but we can con-
struct an approximate formula for IAW damping which
extends into the whole intermediate region of collisional-
ities, if we combine Eqgs. (10) and (11) in the following
expression:

T _ [T G
kcs - 8 ’l)Te
iy 1+ 264Zk2 222

kAL 128¢,/3v/2m + 264(Zk2A22)5/7

(12)

Comparison between this formula and the Fokker-Planck
simulations shown in Fig. 1 demonstrates good agree-
ment with all simulation points. This has been achieved
with only one adjustable parameter ¢, = 0.6. The
strongest deviation is of the order of a factor less than 2
and occurs for kA%, <1 and Z 2 1, i.e., in the interme-
diate regime of collisionality and for low Z materials.
The perturbations of the electron distribution function
o (7), (9), and on allows us to investigate other plasma
properties related to IAW propagation. We derive here
an expression for the electron heat conductivity ., which
has been a frequently debated subject over the last few
years [1,3,12]. In particular, it has been shown that the
nonlocal part of k. in the weakly collisonal and collision-
less regime depends on physical processes which charac-
terize deviations from a plasma reference state. We have
found similar properties in our expression for electron
heat flux g., which have shown several features unique to
the physical context of IAW propagation. The electron
heat flux associated with IAW 8q. = (m./2) [ dv v2véf.
is related to the first harmonic of the electron distribution
function 1, (3) in the reference frame moving with the ion
hydrodynamical velocity u;, which is equal to the electron
average velocity due to charge neutrality. Using equa-
tions (3) and (5) we obtain the following expression for
the electron heat flux g = —n.Teu; (1+ 3Jy — 3J7),
where Jr = (41r/3nev%a)f0°Q dv v*9oFy. In the colli-
sionless regime, i.e., for isothermal IAW, the heat flux
becomes g =~ —n.Teu;. Therefore, in this limit the
diffusive part of the total electron energy flux cancels
the contribution from the convective part n.Teu;, which
corresponds to zero net energy transport by isothermal
IAW. Also in the weakly collisional regime, where k.
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FIG. 2. Comparison of the analytical expression (14) for
the electron heat conductivity coefficient with the results of
Fokker-Planck simulations from Ref. [1]. Dot-dashed, dashed,
and solid lines correspond to Z =1, 8, and 64, respectively.
Asymptotic expressions (light lines) are given for the Z=8
case. Fokker-Planck results are shown as small, medium and
large dots for Z = 1, 8, and 64, respectively.

usually displays nonlocal behavior, the integrals Jy and
Jr are small and the diffusive heat flux ¢g. does not ex-
hibit any wavelength dependence. These expressions for
the electron heat flux are consistent with results of Refs.
[3,6], where they also do not contain any collisional ef-
fects. The nonlocality of k. is therefore a consequence of
the wave number dependence of the temperature per-
turbation 6T, = (47m./3n.) [;° dv v?(v? — 3v}, ) fo.
Defining the small scale electron heat conductivity ke
as ge/(—1kdT.) we obtain the following expression:

Ke 921 1

Ze (13)

Ko 128 kA%, + 3¢, Z%/7(kAL)YT
which is valid in the weakly collisional limit kA?; 2 1 and
the coefficient c, = 0.6 is the same as in Eqs. (10) and
(12). The form of wavelength dependence in Eq. (13) is
very similar to that of an IAW damping (10), with the
exception of the coefficient in front of the second term in
the denominator. This term is three times larger than
the corresponding factor in Eq. (10), which results in
a deviation of k. (13) from the collisionless Hammett
and Perkins [4] limit as early as kA%, ~ 20Z2/3, In the
weakly collisional limit the electron heat conductivity co-
efficient (13) exhibits a weak dependence on the IAW
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wave number k. o< (kAZ;)~%/7. This dependence of the
electron heat conductivity is very different from those
previously reported for the case of the bremsstrahlung
heating [9,12,13], (kA%)71%7, or (kA%)~%3. It is also
quite different from predictions of Ref. [11] for the ion
acoustic wave case.

In the collision-dominated regime the electron distri-
bution function is given by 1oy as was described above
during derivation of Eq. (12). It leads to a k2 depen-
dence of the electron heat conductivity (cf. Ref. [14])
Ke/Ko = 1/(1 + 264Zk%)2:2). This equation is only valid
when the second term in the denominator is small. In
fact, this expression defines the point of departure of the
electron heat flux from the classical Braginskii expression
£o. Combining our results from the collision dominated
regime and (13) in one approximate expression

Ke _ 90V2m | ., 3cy (1 +264ZK7X22) -

Fe _ kAL + o

ko 128 128¢,/3v/2m + 264(Zk2A%2)5/7 | °
(14)

we are able to reproduce Fokker-Planck simulation re-
sults with a good accuracy (cf. Fig. 2) in the entire
region of collisionality [15].

In summary, we have constructed the solution of the
kinetic equation for the electron distribution function dis-
turbed by an IAW in plasmas with arbitrary collisionality
parameter. We have calculated analytically expressions
for the ion acoustic damping and the electron heat con-
ductivity. It is found that the e-e collisions modify the
imaginary part of an electron distribution function and
have a strong effect on the IAW damping and the electron
heat conductivity.
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